We consider an analogue de Sitter cosmos in an expanding quasi-two-dimensional Bose-Einstein condensate, with dominant dipole-dipole interactions between the atoms or molecules in the ultracold gas. It is demonstrated that a hallmark signature of inflationary cosmology, the scale invariance of the power spectrum of inflaton field correlations, experiences strong modifications when at the initial stage of expansion the excitation spectrum displays a roton minimum. Dipolar quantum gases thus furnish a viable laboratory tool to experimentally investigate, with well-defined and controllable initial conditions, whether primordial oscillation spectra deviating from Lorentz invariance at trans-Planckian momenta violate standard predictions of inflationary cosmology.
The hypothesis of a rapid initial expansion of the cosmos in the inflationary scenario [1-3] resolved many vexing cosmological questions plaguing other theories, such as the observed flatness and homogeneity of the Universe, as well as the nonexistence of monopoles. However the resolution of these issues comes at the price of creating another potential problem [4] : Generally the period of inflation lasts so long that, at the beginning of the inflationary period, the physical wavelengths of comoving scales which correspond to the present large-scale structure of the Universe were smaller than the Planck length. Thus necessarily trans-Planckian energies become involved, for which the physics is at present speculative. Similar issues arise when tracing back Hawking radiation emission all the way down to the black hole horizon [5] [6] [7] .
The analogue gravity programme [8-10], aiming to simulate quantum fields in curved spacetime, has previously been applied to cosmological phenomena in cold quantum gases, e.g., for a quantum simulation of cosmic inflation [11, 12] , the Gibbons-Hawking effect [13], cosmological particle production [14] [15] [16] or false vacuum decay [17] . Analogues of cosmological particle production, Sakharov oscillations, black hole lasers, and Hawking radiation have recently been observed in groundbreaking experiments [18] [19] [20] [21] [22] . In the near future, these experiments hold promise to realize experimental quantum cosmology in the lab, that is with reproducible initial conditions, distinct from the current purely observational cosmology of a pre-given state of the Universe. A major motivation of analogue gravity is to probe consequences of trans-Planckian physics in a microscopically well understood setup, in a regime inaccessible for quantum fields in the presence of strong real (Einsteinian or other) gravity. Here, we propose to realize this aim with dipolar Bose-Einstein condensates (BECs), addressing the transPlanckian problem of inflationary cosmology.
Going beyond contact interactions (in field theory language φ 4 ), experiments with dipolar BECs [23] now have reached a stage where dipole-dipole interaction (DDI) dominated erbium [24] and dysprosium [25] BECs with large magnetic moments 7µ B , and 10µ B , respectively, can be obtained. In addition, the future realization of electric-dipole BECs will offer even greater flexibility in controlling the ratio of dipolar and contact interactions. The dispersion relation of DDI-dominated BECs displays a roton minimum [26] [27] [28] , and the roton-induced dynamical effects are experimentally explored in DDI-dominated gases [29, 30] . In addition, advances in probing correlation functions to increasing accuracy [19, 31] pave the way for a detailed exploration of the intricate many-body correlations due to long-range interactions.
For certain classes of inflaton dispersion relations, displaying deviations from Lorentz invariance at transPlanckian scales, the predictions of inflation, in particular the scale invariance of the power spectrum (SIPS) of inflaton field correlations remain robust, while for others they change significantly, cf., e.g., [32] [33] [34] [35] [36] . We will show that dipolar BECs, possessing trans-Planckian spectra leading to strong departures from Lorentz invariance, yield significant changes of the standard inflationary prediction of SIPS. To the best of our knowledge, this represents the first example within analogue gravity where violations of SIPS can become experimentally manifest.
We start with the Lagrangian density of a Bose gas comprising atoms or molecules of mass m,
where R = (r, z) are spatial 3D coordinates. Writing the trapping as V ext (R, t) = m 2 [ω 2 r 2 + ω 2 z z 2 ], ω and ω z can have arbitrary time dependences. The gas is strongly confined in z-direction, with aspect ratio λ = ω z /ω 1 over the whole time evolution. The interaction is the sum V int (R − R ) = g c δ(R − R ) + V dd (R − R ), where g c is the contact interaction coupling, and V dd (R, t) =
for dipoles polarized perpendicular to the plane. We have a scaling law
arXiv:1609.06155v1 [cond-mat.quant-gas] 20 Sep 2016 [37] for a combined 3D contact and dipolar potential with α = −3. Note that the scaling equation (4) below is thus 3D. To ensure stability in the DDI dominated regime [27] , we impose the system to stay sufficiently close to the quasi-2D regime during expansion. We integrate out the z-dependence by assuming a Gaussian, ρ z (z) = (πd
is the scale factor in Eq. (2) [38] , where d z,0 = /mω z,0 . The reduced contact coupling and lower-dimensional interaction are, respectively, then given by g [39] . Employing the conventional scaling transformation to describe the evolution of the BEC upon changing the trapping or the coupling constants [37, 40, 41] ,
, Ψ(r, t) := e i ψ(x, τ ) b (2) we obtain the nonlocal Gross-Pitaevskiǐ equation
We combined all remaining time dependences into a single factor f = f (t), imposing [42] (b(0) = f (0) = 1)
To separate off the effective contact interaction contribution [39] . The planar cloud size greatly exceeds the wavelengths of relevant Bogoliubov excitations in the plane. Especially near the center of cloud density gradients are thus negligible, and we approximate the 2D comoving density ρ 0 const. The Bogoliubov equations for density and phase fluctuations read, with comoving momentum k,
int,0 with dimensionless ζ = kd z,0 , and v com is the comoving frame velocity [39] ; we assume it to be negligibly small in what follows, v com 0.
Solving the second equation in (5) for δρ k and substituting into the first equation yields Counting from bottom to top at small ζ, A in (6) is Ac/10, Amin, Ac, and 1.1Ac. For A > Amin = 1.249, the spectrum develops a roton minimum, and becomes unstable for A > Ac = 3.4454. (b) Time evolution of the Bogoliubov spectrum in the course of expansion at criticality A = Ac. Initially, a roton minimum occurs, disappearing at late times.
where overdot denotes taking derivative with respect to τ , and we have rescaled δφ = Ω −1/2 δφ, Ω = c 2 0 m 2 / 2 ρ 0 for later convenience. We introduce here the FriedmannRobertson-Walker (FRW) cosmological scale factor by a(t) := 1/f (t), see below for detailed discussion.
In an adiabatic regime [42] , momentarily ignoring time derivatives of a and W k , the Bogoliubov dispersion is
where the w function w(z) = exp[z 2 ](1 − erf[z]) contains the error function [27, 43] . The dimensionless parameter
In the latter DDI dominated case, the spectrum displays a "roton" minimum which touches zero when A is equal to the critical value A c = 3.4454, disappearing at late stages of the analogue cosmological evolution, see Fig.1 .
In the long-wavelength limit, W k → 1, and (7) becomes
The gravitational analogy can now be established by introducing the analogue space-time line element [9, 15, 44]
where c s (t) = f (t) g eff 0 ρ 0 /m is the sound velocity and c 0 = c s (0). Then, (9) becomes the wave equation for a massless, minimally coupled free scalar field δφ
] to realize an effective de Sitter (dark energy dominated) cosmos, a = exp [Ht] , while having the advantage that the gas does not need to expand (b(t) = 1 ∀ t and thus τ := t), comes with the experimental difficulty that both couplings need to vary exponentially rapidly in lab time, see Eqs. (2) and (4). While this is in principle possible [45] , also cf. Ref. [46] , we keep for the below discussion g c as well as g d constant; then a 2 (t) = b(t). For de Sitter expansion, a(τ ) = 1/f (τ ) = e
Hτ , and thence in the lab
The radial condensate velocity then scales as v = 2Hr/b 2 and the kinetic energy per particle, relative to ω z,0 , as A/b 2 . It thus decreases as ω z , ensuring the proximity to the quasi-2D limit ∀ t. The much slower (in comoving τ -space) pre-de Sitter stage of cosmic expansion, t < 0, is conceived such that it ≈ adiabatically leads toḃ(0) = 2H. It can be used to simulate as well the radiation-(a(τ ) ∝ τ 1/2 ) and matter-dominated (a(τ ) ∝ τ 2/3 ) eras of cosmic expansion [47] , by tuning ω(t) and/or g c,d (t).
It is noteworthy that with the (asymptotically squareroot) expansion (11), Eq. (9) yields an analytical solution
where the variable s = (c 0 /H)/(a/k) measures the ratio of Hubble radius to the cosmic expansion-rescaled wavelength, and J 1 , Y 1 are Bessel functions [39] ; s starts from ∞ and approaches zero when τ runs from −∞ to ∞, that is when conformal time η := τ ∞ dτ c 0 /a(τ ), for which ds 2 = a 2 [dη 2 − dx 2 ], ranges from −∞ to 0. The instantaneous vacuum corresponding to the basis h k (s) is the Bunch-Davies vacuum [48] , yielding an asymptotic Minkowski vacuum in the (formally) infinite past equivalent to the lab's quasi-particle vacuum. It is assumed that the initial Bunch-Davies vacuum |0 at η = −c 0 /H (t = τ = 0) is during the pre-de Sitter stage smoothly connected to this asymptotic vacuum. We emphasize that "cosmological" quasi-particles are measurable: In [39] , we establish the equivalence of representations using cosmological, comoving/scaling and lab frame Bogoliubov quasi-particles, also cf. [49, 50] , and elaborate on the measurement process when the expansion is stopped.
The modes oscillate almost freely for η → −∞. At kη = −1 and horizon crossing, the mode freezes, leading to the standard theory of inhomogeneity/galaxy formation during inflation [3] . At late times, s → 0, and the modes do effectively not evolve anymore. Fig. 2 shows the evolution of kh k as a function of kη; (b)∼(d) illustrate the fact that when trans-Planckian defomation of the spectrum is included (see below), horizon crossing and mode freezing nontrivially still occur.
We define the power spectrum P (k) as the Fourier transform of the correlation function [47] which we have
At late times, η → 0, the power spectrum P (k) converges to H/πmc 2 0 k 2 and we see that the quantity
becomes independent of k. We thus obtain, after freezing, a spectrum in which ∆ 2 (k), the variance per ln k [39, 47] , is constant, referred to as cosmological SIPS [51] [52] [53] . Note that SIPS is not per se related to the scaling approach to describe expansion of the gas.
Regarding δφ(x, τ ) as a homogeneous and isotropic Gaussian random field [3] , and identifying its variance by σ 2 k := P (k) [39] we obtain a real space realization of the scale-invariant, fully relativistic limit, see Fig. 3 
(a).
The solution (12) represents phonons residing in the low-momentum corner of the Bogoliubov dispersion relation (see Fig. 1 (a) ). In order to incorporate transPlanckian dispersion, and to describe its influence on the small k regime, we consider the more general Bogoliubov equations (7). We start by rewriting (7) using s as variable,
where prime denotes derivative with respect to s, and
Taking into account (8) and (6), the linear dispersion occurs for wavenumbers satisfying
For small ζ, G(ζ) 2 → 1, and Eq. (15) defines ζ PL . Experiments will generally probe sub-Planckian ζ that satisfy (f) (15). Therefore, we consider (14) given (15) is fulfilled,
From (11), we have 4H
For 2.5 e-folds, then, t f ∼ 30 sec in lab time (for w z,0 = 2π × 3952 Hz, H = 248.3 sec −1 , and 2 e-folds, t f ∼ 3 sec.) We introduce a momentum cutoff ζ c 0.1 which meets (15) at late times. 
as a function of in-plane momentum ζ, for 2.5 e-folds. Black dashed line represent SIPS. Black solid line corresponds to contact interaction, R = 0 (A = Ac/10). The other lines correspond to DDI domination (R = π/2), with values of A as specified in the inset. In the longwavelength limit, all lines converge to SIPS. The slope of the R = 0 curve decreases for increasing number of e-folds.
zon, and settling down requires longer. Using the power spectrum ∆ 2 (k), one again constructs Gaussian random fields and the coordinate-space realization of Fig. 3 (b) -(f) is obtained, demonstrating the violation of SIPS for increasing DDI by introducing short-range structures.
Whether SIPS is robust to trans-Planckian physics was studied in [32] (also cf. [33] ), where scale separation and adiabaticity in conformal time were established as sufficient conditions for SIPS. Scale separation reads H/c 0 k Pl (η k )/a(η k ), while adiabaticity holds when C(η) := ∂ η ω/ω 2 1 ∀ η i < η < η f , where η f is the 'nonadiabatic time' lying between η i , the onset of inflation, and η k , the horizon crossing, which satisfies
Roughly speaking, η f is the moment when the mode stops to behave WKB-like. For de Sitter spacetime, a = −c 0 /Hη, scale separation holds when k k Pl (η k ). A given k thus must lie in the linear dispersion regime at horizon crossing kη k = −1. This is equivalent to imposing (15) , evaluated at horizon crossing. Therefore, in our numerical implementation of the Bogoliubov equations which employs (15), scale separation is satisfied automatically. According to [32] , scale separation usually implies adiabaticity, and this results in the robustness of the predictions of the inflationary scenario. However, when the spectrum has a deep minimum, as here, adiabaticity can be violated even when scale separation holds, and SIPS breaks down.
In conclusion, we have found that for contact interactions, R = 0, SIPS is retained (in the limit of many e-folds), while there appear strong deviations from scale invariance in the presence of strong DDI (Fig. 4) due to an initially present roton minimum. Importantly, the influence of the trans-Planckian nonlinear dispersion is manifest even far from criticality at A c . When a negative slope in the excitation spectrum occurs (A > A min in Fig.1 ), the power spectrum shows a general tendency of increase at high momenta. On the other hand, for monotonously increasing spectrum, when A ≤ A min , the power spectrum oscillates around the SIPS prediction.
We stress that the presence of a minimum in the spectrum does not necessarily imply violations of scale invariance. It is possible to construct an analytic solution to the full Bogoliubov equations for a spectrum with minimum, which displays SIPS [39] . The proposed experiment (or variants thereof, possibly with other, engineered interaction potentials) can thus potentially lead to conclusions about the trans-Planckian physics of relativistic quantum fields in early cosmological stages.
Going beyond mean-field theory, future perspectives include to study the influence of strong quantum fluctuations of high density electrically dipolar gases [54] , prevailing in an early, possibly pre-metric stage the analogue cosmological evolution, onto the inflationary scenario.
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SUPPLEMENTAL MATERIAL
Action of the system
Dimensional reduction
In the limit of zero-point energy of the axial harmonic oscillator greatly exceeding the chemical potential, and for large aspect ratio, the longitudinal and transversal degrees of freedom decouple and we can factorize the order parameter Ψ(R, t) as follows
Here Φ z (z) describes the zero point oscillations in a harmonic oscillator potential, and is given by
where d z = /mω z is the oscillator length. Improved estimates for d z can be found by treating d z as a parameter minimizing the Gross-Pitaevskiǐ ground-state energy [27, 55] .
Substituting (S1) into the action (1), and integrating out the z dependence, we obtain the reduced Lagrangian for the horizontal in-plane mode:
where ∇ r = (∂ x , ∂ y ). The contact coupling is reduced to g
2πd z , and the reduced lower-dimensional DDI is given by (
. We assume the dipoles to be polarized along z-direction by an external field, so that their interaction is
where 
Here and below, we will use asymmetric Fourier convention in which the inverse transform incorporates the whole prefactor. The Fourier transform of the density profile in z-direction ρ z is given asρ
, where V is the area of the 2D plane. Substituting the inverse Fourier transforms of these expressions into (S2), we obtain [27] 
Here we made use of an integral representation of the error function [43] w(z) := e
where the complementary error function is defined as erfc
From (S4), we see that DDI contributes to delta-function-like interaction as well as to nonlocal one. It is convenient to decompose the total (contact and dipolar) interaction into a sum of effective contact interaction and nonlocal interaction:
where the effective contact coupling strength is defined by
and the nonlocal interaction is written as
Scaling transformation
Having performed dimensional reduction, we consider the action
where we dropped subscripts for conciseness. We can prescribe an external time dependences not only with a temporal profile of the trap frequencies but also to g c = 4π
2 a s /m and g d by changing the s-wave scattering length a s via Feshbach resonances [56, 57] and using a rotating polarizing field to change g d [45] , respectively. As a result, he gas cloud will adapt to these changes and will either expand or contract.
A part of this background motion can be accounted for by transforming to a new coordinate system
with a scale factor b(t). Following [40] define ψ(x, τ ) by
where Φ(x, t) = 1 2 m r 2ḃ b is chosen so as to describe the bulk velocity v =ẋ = − 1 b m ∇Φ, while the phase of ψ will represent the residual velocity potential, which can be regarded as small. Insertion of this ansatz into the action (S7) yields
Note that the measure dtd 2 r gives an additional factor of b 4 by the relation dtd 2 r = b 4 dτ d 2 x. The scaled nonlocal interaction is written as
where g d,0 and d z,0 are initial values. In order to obtain this expression, we have assumed a scaling condition
We can combine the remaining time dependences into a single factor f (t) by imposing (4). Here g c,0 is the initial value and ω 0 will be fixed when a specific solution to the scaling equation is chosen. Examples of analytic solutions to the scaling equation (4) are presented in (S25) and (11). Under these scaling conditions, the action (S10) becomes
Hydrodynamic variables and a background solution
In terms of the Madelung representation for the scaled order parameter, ψ = √ ρe iφ , the equation of motion (3) can be recast as
where
. If we linearize the fields around stationary background solutions, ρ = ρ 0 + δρ, φ = φ 0 + δφ, the zeroth order equations are the same as (S13) with subscripts 0 attached to the fields, and the first order equations are the Bogoliubov equations (5). In (a), blue solid and red dashed line corresponds to DDI-dominant and contact-dominant cases, repectively. We also present a visualization of the gas in (b), using parameters of 168 Er experiment [24] . Namely, N = 9.5 × 10 4 , dm = 7µB, m = 168u, λ = 30, and ωz,0 = 2π × 5435.2Hz.
We solve the zeroth order equations assuming vanishingly small residual comoving frame velocity (v com := m ∇ x φ 0 = 0) by the ansatz ψ 0 (x, τ ) = ρ 0 (x)e iφ0(τ ) [12] , and neglect the kinetic energy term, which is equivalent to neglecting terms proportional to ∇ 2 x √ ρ 0 . Then we obtain a spatially constant phase function
where µ 0 is initial chemical potential, and an integral equation for time independent density profile
which can be solved numerically. Because of the partially attractive nature of DDI, the profile shows enhanced concentration at the center compared to the pure contact case, cf. Fig. S1 . Also, the anisotropy of the interaction results in the appearance of small wiggles in the density profile [58, 59] .
Gravitational analogy and an analytical solution

Effective geometry
Rewriting the equation (9) in real space, the resulting equation is equivalent to the phases only Lagrangian
With the metric tensor (10), the Lagrangian becomes that of a minimally coupled free scalar field in a curved spacetime
where repeated indices imply summation over µ = 0, 1, 2 and x 0 = c 0 τ . For the background solutions (S14) and (S15), v com = m ∇ x φ 0 = 0 and ρ 0 is time independent. In this case the line element (10) becomes
where the conformal factor
is dimensionless. Herein, we assume that the density ρ 0 is essentially homogeneous near the center of cloud. This implies that ω 0 , the trapping frequency in the scaled coordinate system, is negligible compared to the time scale of the effective spacetime (that is the Hubble constant H, cf. (11)). Then Ω becomes just a constant, and the action (S17) is invariant under the conformal transformatioñ
and the resulting metricg µν assumes the form of FRW Universe
whereg µν = diag(1, −a 2 , −a 2 ). Now we can apply standard techniques of quantum field theory in FRW Universe to obtain independent solutions for δφ. Then the independent solutions for original field δφ will be obtained by δφ = Ω 1/2 δφ. In this effective spacetime, the Klein-Gordon (KG) equation for massless, minimally coupled free scalar field,
takes the form of (9). Here, for the ease of connecting the current discussion to a standard cosmological context, we introduce the conformal time
which ranges from −∞ (τ → −∞) to 0 (τ → ∞). Then the metric (S18) takes the conformally flat form ds 2 = a 2 [dη 2 − dx 2 ], and the equation (9) can be recasted in terms of an auxiliary field χ k := √ aδφ k by
Mode functions in 2 + 1-dimensional de Sitter spacetime
We consider de Sitter spacetime by setting a(τ ) = 1/f (τ ) = e Hτ . There are several simple analytic solutions to the scaling equation (4) for the realization of analogue de Sitter spacetime. For example one can consider b := 1 ∀ t, so that scaling time equals lab time, τ = t, and obtain the scale factor evolution
While this expansion has the advantage of scaling and lab time being identical, τ := t, it is experimentally challenging to realize because of the (simultaneously) exponentially in time varying coupling constants. Another analytic solution, which is found by imposing g d := g d,0 , gives (11). This solution implies g c as well as g d to be constant. Our numerical analysis is based on this solution. Note that we assume ω 0 to be negligible compared to H in the quasi-homogeneous limit.
A simple parameter can help us understand the underlying physical process and characterize appropriate asymptotic regimes. Define
which is the ratio of Hubble radius to the physical wavelength of a chosen mode. The parameter s starts from infinity and finally approaches 0. Note that, in the de Sitter analogue a = e Hτ , the conformal time becomes η = −c 0 /Ha, and the parameter s can be written employing conformal time simply as s = −kη. One can see that the horizon crossing time η k of a chosen wavenumber k is determined by s = 1 or k = a(η k )H/c 0 . In the de Sitter analogue, a = −c 0 /Hη, the horizon crossing time is the moment when
The equation (9) can now be written as
where prime denotes taking derivative with respect to s. Large s implies that the mode is well inside the Hubble radius and does not feel the curvature of the analogue spacetime. When a is small, i.e., before the inflation, the condition s 1 is satisfied for wide range of k and so all the relevant modes are well inside the Hubble radius. At this epoch, the second term in (9) can be neglected and we get the WKB solution for time varying frequency ω k = c 0 k/a:
where coefficients are chosen by imposing the normalization condition δφ k e ik·x /V, δφ k e ik ·x /V KG = δ k,k and the conserved Klein-Gordon (KG) inner product is defined by [49, 50] (f, g) KG 
Here, γ is the determinant of the metric in the spatial slice τ = const., n µ is its normal, and ∂ n = n µ ∂ µ .
We note that, with this choice of coefficients, the canonical commutation relation, δφ(x, τ ), δπ(y, τ ) = i δ 2 (x−y), with conjugate momentum δπ = ∂L (2) /∂(∂ τ δφ) = ma 2 ∂ τ δφ holds, and the proper (diagonalized) expression for the energy H (2) = k ω k (â † kâ k + 1/2) can be obtained. It is possible to obtain an analytic solution to (S28) over the whole range of time. Following [60, 61] , we define a function F by
Then (S28) becomes the Bessel equation of order 1:
whose general solution can be written as a linear combination of Bessel functions J 1 and Y 1 [43] . Thus we obtain
We can determine the coefficients A(k) and B(k) by matching this solution with the WKB solution (S29) in the s → ∞ limit. Recalling the asymptotic behavior of Bessel functions [43] , we see that, for fixed η,
as k → ∞ must be fulfilled in order to match the WKB solution (S29) up to a constant phase. We invoke de Sitter invariance to determine A(k) and B(k) for all k. We observe that the metric (S21) with a(τ ) = e
Hτ is invariant under the transformation
where τ 1 is arbitrary. If we define k := ke Hτ1 , we have k /a(τ ) = k/a(τ ) and k · x = k · x . Thus we obtain
since s is unchanged when τ → τ and k → k . From the invariance of the metric, it follows that δφ k (s)e ik ·x /V = δφ k (s)e ik·x /V and so
for any k and any τ 1 . Taking τ 1 → ∞, the r.h.s. converges to (1/V ) π V H/4mc 2 0 k 2 . Therefore we conclude that A(k) = π V H/4mc 2 0 k 2 for any k and the mode function is written as in (12). We finally obtain the mode expansion for the phase fluctuation field:
whereâ k andâ † k are time independent creation/annihilation operators obeying the commutation relations [â k ,â † k ] = δ kk . The mode function is written as
The vacuum corresponding to the basisâ k is the Bunch-Davies vacuum [48] . Note that at this stage the relation between whatâ † k creates and the Bogoliubov quasi-particles is not clear. We will establish a direct connection between them below in (S60).
Correlation function
The correlations of a fluctuating quantum field are a measurable quantity in an experimental setup. Thus we investigate spatially Fourier-transformed two-point correlation function, which is defined by [11]
Now we insert the the mode expansion (S32). Recalling the asymptotic behavior of the Bessel functions, we have
and obtain
Note that the mode function and correlation function become time independent at late times. Thus the density fluctuations determined by (5) vanish at zeroth order. In order to obtain nontrivial density fluctuations, one has to take the time dependence of the phase fluctuations into account, which is beyond the zeroth-order frozen part.
Scale invariant power spectrum
The amplitude of quantum fluctuations is always well defined irrespective of whether the particle interpretation of the field is available [60] . One way to characterize the typical fluctuations on scales L is to calculate the variance δχ
2 |0 of the field operator averaged over a region of size L:
where W L (x) is a window function which is of order 1 for |x| L and rapidly decays for |x| L. It is prototypically specified in terms of Gaussian function W L (x) = (1/2πL
2 ) exp(−|x| 2 /2L 2 ). Given the mode expansion (S32), after straightforward algebra with an approximation to the Fourier transform of the unit (L = 1) window function, w(k)
We define the (two-dimensional version of) power spectrum P (k) to be proportional to the variance per ln k:
Another characterization of the power spectrum is as the Fourier transform of the correlation function [47] :
from which we have
, where δφ k is the Fourier transform of the mode expansion (S32). Note that P (k) is nothing but the correlation function obtained in (S33). At late times, η → 0, the power spectrum P (k) converges to H/πmc 2 0 k 2 and we see that ∆ 2 (k) = k 2 P (k) becomes independent of k. We thus obtain, after the freezing process, a spectrum in which ∆ 2 (k), the variance per ln k [47] , is constant. This is called a scale-invariant power spectrum (SIPS): The Universe has the same degree of 'wrinkliness' on each resolution scale. One can also understand this concept by observing that |δφ k | 2 ∝ 1 k 2 , namely the probability amplitude of a fluctuation having wavelength 1/k is proportional to the volume(area) of the space that the fluctuation is filling. Thus the general shape of the fluctuation field will be independent of the resolution scale.
It is commonly argued that the prediction of scale invariance arises because de Sitter space is invariant under time translation: there is no natural origin of time under exponential expansion [47] . At a given moment of time, the only length scale in the model is the horizon size c 0 /H, so it is inevitable that the fluctuations that exist on this scale are the same at all time. If one ignores their evolution while they are outside the horizon, the resulting fluctuations give us the scale-invariant or Harrison-Zel'dovich-Peebles spectrum [51] [52] [53] .
Regarding the phase fluctuation field δφ(x, τ ) as a homogeneous and isotropic Gaussian random field [3], i.e. a field whose Fourier coefficients δφ k = a k + ib k are random variables with probability function of the form,
the correlation function can be expressed as
where one has to take into account that a −k = a k and b −k = −b k . From (S35), one can see that a k and b k are real random variables with standard deviation σ k / √ 2. Comparing (S34) and (S36), we see that the variance of the random variable δφ k is given by σ
, from which we can obtain a real-space realization of the phase fluctuation field δφ(x, τ ) as in Fig. 3 (a) .
Incorporating trans-Planckian deformation
Generalized Klein-Gordon equation
If we rewrite (5) in real space, we obtain
where W is an integral operator defined by
where stands for the argument upon which the integral operator acts. Solving the second equation in (S37) for δρ and substituting into the first equation, we obtain
where δφ = Ω −1/2 δφ as in (S20). This is the 'generalized' Klein-Gordon equation with the local Lorentz invariance being broken [50] .
Rewriting (S39) in momentum space, or equivalently, solving the second equation in (5) for δρ k and substituting into the first equation yields (7).
Let us again introduce an auxiliary field and discuss in the cosmological context. In order to remove the first derivative term of (7), we define χ k := a/W k δφ k , and recast (7) as
where a denotes η derivative of the scale factor a, and W k denotes a derivative of W k . This equation corresponds to Eqs.
(1) and (3) of [32] . It is easily observed that (S40) converges to (S24) when W k := 1, i.e. in the long wavelength limit. Furthermore, (S40) becomes (S24) except a factor of W k multiplied to k 2 when W k is time independent (or a independent). This case is discussed in the next subsection.
An exactly solvable case
Solving the general equation (7) requires numerical methods. We show herein that an analytic solutions under an approximation to the interaction potential and introducing a momentum cutoff is feasible.
We replace the Fourier transform of the interactionṼ
where momentum cutoff ζ c is set to include a part of trans-Planckian momenta:
where α 1 determines the cutoff location and gives a class of spectrum lines that yields scale invariant power spectra (cf. Eq.(S45)). Note that initially (f = 1) the new potentialV (Fig. S2 (a) ). As time passes, the excitation spectrum deviates from the true dispersion. However, the deviation is localized around the cutoff momentum ζ c , and the dispersion law at low energies is secured ∀t. Initially the two coincide and as time evolves they gradually deviate. Note that the deviation is however localized around the cutoff momentum ζc.
Below the cutoff (ζ ≤ ζ c ), the operator (6) becomes time independent
int,0 , and equation (7) becomes
which is identical to (9) with k being replaced withk defined bỹ
We can then carry out exactly the same procedure for obtaining the mode functions (12) with s being replaced with s = c 0k /Ha and with an additional prefactor √ W k . With these modified mode functions, the Fourier transformed correlation function, or the power spectrum now becomes (after freezing)
, and the variance per ln k becomes
which still is scale invariant. Therefore, this type of trans-Planckian deformation implied by (S41) has no effect on the power spectrum and on the matter distribution after the freezing process and SIPS is retained.
Numerical implementation of the full Bogoliubov equation
Let us first analyze the condition (15) in detail. Fig. S3 shows the plots of G(ζ) 2 and (a 1 ζ) 2 /4A for various values of A where a 1 is the final value of the scale factor. We see that, for the validity of the gravitational analogy, one can pose the later time Planck scale to be ζ Pl 0.1. If ζ < 0.05, the condition (15) is safely satisfied for all cases. Here the final value of the scale factor a1 is assumed to be e 5/2 , i.e., 2.5 e-folds of expansion.
Before inflation, s → ∞ and the second term in (16) becomes negligible. Therefore, one finds that the mode functions would converge to a WKB solution as a → 0:
where the coefficient is determined by the normalization condition δφ k e ik·x /V, δφ k e ik ·x /V W−KG = δ k,k where the Generalized Klein-Gordon (W-KG) inner product is defined by the equation (S49). This solution and its derivative provides initial conditions to the second order differential equation (16) . Final values (after inflation) of the mode functions h k then give the power spectrum via P (k) = |h k | 2 /V and ∆ 2 (k) = k 2 P (k).
where the arguments of the Bessel functions are −kη 1 . Note that, if the normalization conditions, (S48), are applied to (S50), then one obtains the correct bosonic Bogoliubov unitarity condition |α k | 2 − |β k | 2 = 1. This relation can also be checked from (S51) by direct computation.
If the initial state is assumed to have no excitations, the quantum state is the initial vacuum denoted by |0 (0) , i.e.,â
k |0 (0) = 0. We consider the Heisenberg picture and the state for δφ is time independent. Then the expected number of particles with momentum k after inflation is calculated to be (0) 0|N
(1)
as η 1 → 0.
Translation of cosmological into lab-frame Bogoliubov quasi-particle excitations
Quantum excitations in BECs can, on the one hand, be analyzed within the Bogoliubov formalism by directly perturbing the Gross Pitaevskiǐ equation. On the other hand, the phase perturbations of the condensate obey a modified Klein-Gordon equation, and a corresponding quantization can be carried out as in (S32).
In order to connect quantum physics in curved spacetime to the behavior of a realistic quantum fluid, Leonhardt et al. [63] investigated the Hawking effect within the Bogoliubov theory of the elementary excitations in BEC. A more detailed correspondence was discussed by Jain et al. [62] , giving an analytical expression for the particle creation spectrum in terms of the Bogoliubov mode functions in the case of a homogeneous BEC.
Kurita et al. [49] demonstrated the equivalence of the two procedures in the long-wavelength acoustic limit. They showed that the number operator of quanta in analog spacetime is different from that of Bogoliubov quasi-particles, unless the corresponding field is normalized correctly. With correct normalization, the number of quanta in analog spacetime can be exactly related with that of Bogoliubov quasi-particles.
Barceló et al. [50] consolidated the equivalence of the two approaches by generalizing the Klein-Gordon formalism beyond the limit of validity of the acoustic approximation. They showed that both formalism lead to the same concept of positive and negative solutions. This line of research allows us to establish a deep conceptual connection between the two formalisms, the first one being inherently nonrelativistic while the second is relativistic, up to corrections which are vanishingly small for long wavelengths.
In the following, we discuss the measurement implications of the predictions of previous sections, based on a generalized version of the theory formulated in [50] .
Under the scaling transformation (S9) and the scaling conditions (S11) and (4), the Heisenberg equation of motion for the field operatorψ(x, τ ) reads
